Abstract Using numerical methods we study the hyperbolic manifolds in a model of a priori unstable dynamical system. We compare the numerically computed manifolds with their analytic expression obtained with the Melnikov approximation. We find that, at small values of the perturbing parameter, the topology of the numerically computed stable and unstable manifolds is the same as in their Melnikov approximation. Increasing the value of the perturbing parameter, we find that the stable and unstable manifolds have a peculiar topological transition. We find that this transition occurs near those values of the perturbing parameter for which the error terms of Melnikov approximations have a sharp increment. The transition value is also correlated with a change in the behaviour of dynamical quantities, such as the largest Lyapunov exponent and the diffusion coefficient.
Introduction
Stable and unstable manifolds are used since Poincaré to explain hyperbolic chaos and diffusion in dynamical systems. An important tool of analysis of these manifolds is the so-called Melnikov method (1963) , which provides first order approximations of the manifolds in many situations. An important class of dynamical systems for which the Melnikov method works well is represented by the a priori unstable systems, following the terminology introduced in Chierchia and Gallavotti (1994) , which consist in a small perturbation of an hyperbolic resonance. In absence of perturbation, the resonance has periodic hyperbolic orbits with their stable and unstable manifold. The perturbation may change the topological properties of the stable and unstable manifolds in a way that may change also the dynamics in the resonance, introducing chaos and diffusion along the resonance. The mathematical tools to study the problem are of two kinds: perturbative or variational ones. This paper is concerned with the perturbative studies of stable and unstable manifolds, based on the Melnikov theory. Actually, already Poincaré (1890) showed that the separatrices associated to integrable systems near simple resonances split under the effect of a perturbation. The Poincaré method was reconsidered seventy years later, by Melnikov (1963) and Arnold (1964) , giving rise to the well known Poincaré-Melnikov-Arnold theory, more shortly addressed as Melnikov method. In the framework of a priori unstable systems, the Melnikov approximations have been used to prove the existence of homoclinic intersections among the stable and unstable manifolds, proving the existence of chaotic motions (as already argued by Poincaré 1890) and also to prove the existence of heteroclinic intersections among the stable and unstable manifolds, proving the existence of diffusion (see Arnold 1964 1 ; Chierchia and Gallavotti 1994; Treschev 2002 Treschev , 2004 . In the field of Celestial Mechanics the Melnikov method has been used for example for the study of capture orbits in the planar three body problem Easton (1991) or in the problem of escape of particles orbiting asteroids (Dankowicz 1997) .
However, the perturbative nature of the Melnikov method does not allow one to understand what happens to the stable and unstable manifolds when increasing the perturbation parameter.
In this paper, using the Fast Lyapunov Indicator (introduced in Froeschlé et al. 1997 and deeply investigated in Guzzo et al. 2002) , we compute numerically global representations of the stable and unstable manifolds in a model of a priori unstable system, allowing us to describe global properties of their topology. At small values of the perturbing parameter we find that the topology of the stable and unstable manifolds is the same as in their Melnikov approximation. Increasing the value of the perturbing parameter, we find that stable and unstable manifolds have a topological transition, and this topological transition occurs near the values of the perturbing parameter for which the Melnikov approximation is no more valid.
In a previous paper (Guzzo et al. 2009b) , we have studied the Arnold diffusion for the same model of a priori unstable system. We have found that the behaviour of the diffusion coefficient D with respect to the perturbing parameter is correlated to the validity of the Melnikov approximation. Precisely, the scaling law: D( ) 2 is valid up to a critical value of for which the error terms of Melnikov approximations have a sharp increment. The result of Guzzo et al. (2009b) together with that of the present paper suggest that the Melnikov approximation is not only a technical tool which allows one to compute accurate approximations of the manifolds at small values of the perturbing parameters, but is related to a dynamical regime. This is confirmed by the computation of the largest Lyapunov exponents.
The paper is organized as follows: in Sect. 2 we define our model problem; in Sect. 3 we describe the numerical methods for detecting the structure of the stable (unstable) manifolds; in Sect. 4 we report the results on the computation of the global topology of the (un)stable manifolds. We connect the topology of the manifolds to the largest Lyapunov exponent and to the diffusion coefficient in 5. Conclusions are provided in 6.
A model of a priori unstable system
In this paper we consider the a priori unstable system introduced in Guzzo et al. (2009b) defined by the symplectic map:
such that:
(2)
where a > 0, ≥ 0 and c > 2 are parameters and I 1 , I 2 , ϕ 1 , ϕ 2 are action-angle variables. The map φ has the following invariant manifold:
for any value of the parameters (for the notion of normally hyperbolic invariant manifolds see Hasselblatt and Pesin 2006 ; for the normal hyperbolicity of for the map (3) see Guzzo et al. 2009b ). We just recall here that a manifold ⊆ T 4 is normally hyperbolic if, for any point x ∈ , the tangent space T x T 4 has the following splitting:
which is invariant; the so-called stable space E s (x) is contracting, the so-called unstable space E u (x) is expanding, and the contractions/expansions in T x are less effective than the contractions/expansions in E s (x) and E u (x). The importance of normally hyperbolic invariant manifolds is mainly stated by the so called local stable (unstable) manifold theorem, which states the existence, at any x ∈ of the smooth stable and unstable manifolds W s (x), W u (x) of x (see Hirsch et al. 1977) , and of the stable and unstable manifolds of :
For = 0 the map (3) is the product of two 2 dimensional uncoupled maps. The manifold is normally hyperbolic since its stable and unstable manifolds are the product of the stable and unstable manifolds of the hyperbolic fixed point (I 1 , ϕ 1 ) = (0, π) of the standard map:
with the torus T 2 , domain of (I 2 , ϕ 2 ). Because normal hyperbolicity persists for small perturbations, is normally hyperbolic also for suitably small . In this case the stable and unstable manifolds are not a product as for = 0 and to describe their topology we will use Melnikov-like approximations and numerical techniques. By increasing , the error terms of the Melnikov approximation becomes larger, and to compute the stable and unstable manifolds we use numerical methods.
123
2.1 Detection of the phase-space structure of the model In the last years the so called fast Lyapunov indicator (Froeschlé et al. 1997 ) has been extensively used to numerically detect the phase space structure, i.e. the distribution of KAM tori and resonances, of quasi-integrable systems Guzzo et al. 2002) . For a map ψ : M → M, the simplest definition of fast Lyapunov indicator of a point x ∈ M and of a tangent vector v ∈ T x M, at time t, is:
where v t = Dψ t (x)v. While the limit lim t→∞ FLI t (x, v)/t provides the Lyapunov exponent of the point x, the quantity FLI t (x, v) provides informations about the dynamics already on the finite time t: in the papers Guzzo et al. 2002) it is shown that, for quasi-integrable systems, if t is suitably long (precisely of some inverse power of the perturbing parameter, see Guzzo et al. (2002) for precise statements and proofs) the value of FLI t (x, v) is different, at order 0 in , in the case x belongs to an invariant KAM torus from the case x belongs to a resonance of the system. Therefore, the computation of FLI t (x, v) on grids of initial conditions x ∈ M and a fixed vector v allows one to detect the distribution of invariant tori and resonances in relatively short CPU times . Figure 1 shows the computation of the FLI for the map (3) for a grid of 500 × 500 initial conditions: 0 < I 1 < 1, 0 < I 2 < 1, ϕ 1 = π, ϕ 2 = 0, for t = 1000 iterations and different values of for a = 0.4 and c = 2.1 In the top left panel, = 0 we observe light gray vertical lines on a gray background. 2 These lines correspond to the chaotic motions related of the standard map (6). The representation of the invariant manifold on this FLI-chart is the light grey, chaotic, line I 1 = 0. The grey background corresponds to the KAM tori of the standard map (6). For = 6 × 10 −7 (top, center panel of Fig. 1 ) the chart appears very similar to that for = 0 while increasing the perturbation to = 6 × 10 −6 (top, right panel of Fig. 1 ) some secondary resonances appear on the picture.
Their effect increases by increasing , as it is clear form the bottom figures. In particular, resonances overlap leaving only a small fraction of invariant tori remains for = 3 × 10 −4 (bottom, center panel of Fig. 1 ), and the overlapping is complete for = 6 × 10 −4 (bottom, right panel of Fig. 1 ). Let us remark that the above transition to Chirikov's overlapping of resonances is due to the interplay of the different resonances, and therefore it is better observed when the perturbation has already all harmonics at order as in (3). We also observe that for different values of a and c, the critical values of change. The parameter a determines directly the Lyapunov time of the standard map and the amplitude of its chaotic zone, but it is almost a scale parameter. The parameter c changes more deeply the system: first, we must choose c > 2 to avoid singularity of the perturbation. For increments of c of order 1 nothing changes, except for the change of the critical parameters.
The dynamics restricted to the normally hyperbolic invariant manifold
Let us remark that the dynamics of φ defined in (3) restricted to is represented by the 2-dimensional map:
whose invariant KAM curves exclude any possibility of diffusion for I 2 if is suitably small. Let us fix an interval D of the action I 2 and denote by c the value such that the KAM theorem is valid in a open domain containing D × T for any 0 ≤ ≤ c . From the analysis of numerically computed phase portraits of (8), with c = 2.1, in the interval I 2 ∈ D = [0.26, 0.38] we obtain that for 0 ≤ ≤ 0.002 ( Fig. 2 left panel for = 0.002) the map has still many invariant tori which constitute a topological barrier to the diffusion of the action I 2 . Instead, for = 0.0026 the invariant tori seem to have disappeared (Fig. 2, right panel) , leaving the possibility of chaotic diffusion in the direction of the action I 2 . Therefore, this is a numerical indication that c ∈ (0.002, 0.0026). Actually, as soon as is bigger than c , diffusion of the action I 2 is possible, but it can be very slow because of possible stickiness phenomena (see, for example, Efthymiopoulos et al. 1999) due to the presence of cantori and islands of regular motion MacKay et al. (1984) . These barriers to diffusion loose their effectiveness at higher values of . The Arnold diffusion for the map (3) in the neighborhood of was studied in Guzzo et al. (2009b) . In this paper we investigate numerically the topological properties of the (un)stable manifolds of and we compare them to the dynamical properties of a neighborhood of . 
Numerical detection of the stable and unstable manifolds
In this section we describe a recent application of the FLI method to detect numerically the global structure of the stable and unstable manifolds, precisely of their intersection with any two dimensional surface of the phase-space. We have recently shown that, looking at proper resolution, the FLI reveals any detail of the structure of stable and unstable manifolds (Guzzo 2007 (Guzzo , 2010 Guzzo et al. 2009a) . A detailed application of the FLI to the detection of the stable-unstable manifolds in relation with space flight dynamics has been done by Villac (2008) . We provide below an explanation. We sample two dimensional surfaces of the phase space with grids of points, and for any point x of the grid and the same vector v we compute the FLI T (x, v) for some time T . The points of the grid which have the highest values of the FLI are those points whose orbits approach an hyperbolic invariant manifold within the time T , because the growth of tangent vectors is bigger near the hyperbolic manifolds. Therefore, a short-time computation of the FLI allows one to detect a neighborhood of a finite piece of the stable manifold (the unstable manifold can be obtained by computing the FLI of the inverse map). As a check on a well known example, we compare in Fig. 3 the computation of finite pieces of the unstable manifold of the hyperbolic fixed point of the standard map:
with a = 0.4. In the left panel we report the computation of finite pieces of the unstable manifold in a neighborhood of the fixed point obtained by using the traditional method of propagation of sets of points (described, for example, in Simó 1989) . In the right panel we report the computation of the FLI of the inverse map for a grid of points in the same neighborhood of the fixed point for T = 40 iterations of the map. The light gray lines in the right panel represent the points of the grid with the highest values of the FLI, and they clearly correspond to pieces of the unstable manifold. At difference with Fig. 1 , all the motions analyzed here are chaotic. The agreement among the results of the two methods is good and in particular we remark the sharpness of the detection of the stable manifold with the FLI method. The application of the FLI method to higher dimensional systems is nearly as simple as in this two dimensional case, and one does not need to know in advance which are the normally hyperbolic invariant manifolds and their local approximations. In fact, the method detects the stable manifolds of all the hyperbolic structures of the system. The application of this method to the detection of stable manifolds in more complicate examples, such as the map (3), is described in Sect. 4. The FLI has been computed using the inverse of the standard map (9), a set of 500 × 500 initial conditions, a maximum of T = 40 iterations of the map. The color scale range is such that FLI> 3.3 is represented by light gray color (darker grays correspond to lower values of the FLI). All the motions are chaotic
Topology of the stable and unstable manifolds
In this section we compute different representations of the stable and unstable manifolds of for a > 0. When = 0 the stable and unstable manifolds W s , W u of are the product of the stable and unstable manifolds W * s , W * u of the hyperbolic fixed point of the standard map (6) with the torus T 2 , domain of (ϕ 2 , I 2 ). To provide a representation of W s , W u , we compute their intersection with the two dimensional surface of the phase-space:
that is we compute the sets:
Actually, the computation can be done for all possible sections. However, for a clear interpretation of the results, we find that the section must intersect , so that we can appreciate what happens to initial conditions closer and closer to the manifold. Therefore ϕ 1 = π is a mandatory choice. Instead, ϕ 2 can be freely chosen, and in this case we did not observe qualitative changes to the figures reported in the paper. The reason is that ϕ 2 parameterize the invariant tori of , and therefore a different choice means only a approaching in a different point of these tori. When = 0 it is:
that is a set of lines parallel to the I 2 axis with accumulations. The same holds for S * s . When = 0 understanding the topology of S * u , S * s becomes a difficult problem, but if is very small, we can use the Melnikov like approximations introduced in Guzzo et al. (2009b) . Following Guzzo et al. (2009b) , we define the Melnikov approximation of W u (x) as the unstable manifold of x with respect to the following simplified mapφ:
where J denotes the I 2 component of x. Let us remark that usually the Melnikov method (Arnold 1964 , and more recently Chierchia and Gallavotti 1994; Treschev 2002 Treschev , 2004 ) is applied to continuous systems and approximations of stable and unstable manifolds are obtained as integrals. In Guzzo et al. (2009b) , we have provided the explicit representation of the approximated manifold as a series of a function computed over an orbit of the unperturbed system (with = 0). Moreover, for = 0, the stable and unstable manifolds of already intersect transversely, because the unperturbed system is the standard map coupled with a rotation. This is different from Arnold (1964) , Chierchia and Gallavotti (1994) , Treschev (2002) and Treschev (2004) , where unperturbed systems are hyperbolic, but without transverse intersections of the manifolds.
, and this condition is independent of I 2 . As a consequence, the Melnikov approximation of S * u is a set of lines parallel to the I 2 axis with accumulations, as in the unperturbed case. Fig. 4) we recognize that S * s is a set of lines parallel to the axis I 1 = 0 with accumulation towards I 1 = 0, as we expected. For = 10 −6 (second line of Fig. 4 ) the situation is very similar to the case with = 0: S * s seems to be represented by vertical lines (of course with small deviations), as it is expected if the Melnikov approximation is valid. For = 6 × 10 −6 (last line of Fig. 4 ) most of the vertical lines are still visible in the three zooms, though with an evident distortion. However, the vertical lines have disappeared in some regions. For = 4×10 −5 (top line of Fig. 5) we are close to a transition in the topology of all vertical lines, which becomes more evident for = 6 × 10 −5 (second line of Fig. 5) , where horizontal lines appear. This kind of topology cannot be explained by the Melnikov approximation, which is therefore not valid for this value of . Let us remark that S * u is a set of lines parallel to the I 2 axis with accumulation both in the unperturbed case and in the Melnikov approximation, therefore one could say that for = 6 × 10 −5 the topology simply changes with respect to the unperturbed system. However, when computing, as in Guzzo et al. (2009b) , the unstable manifoldW u (x) of a point x of with the mappingφ it turns out to be different from the unstable manifold of a point of of the unperturbed system since I 2 is not constant for = 0. Therefore, the comparison between W u (x) andW u (x) provides a way to compute the threshold of validity of the Melnikov approximation, which turns out to be (see Guzzo et al. 2009b ) almost the same as the threshold of transitions of the global manifold. For = 6 × 10 −4 (last line of Fig. 5 ) the transition in the topology of S * s is complete: the inner zoom shows only horizontal lines and also the outer zoom reveals a topology which is completely different from the one which is expected in the Melnikov approximation. We Fig. 4 Computation of S * s for I 1 < 10 −8 (t = 60, left panels), for I 1 < 10 −4 (t = 80, middle panels) and I 1 < 4 × 10 −2 (t = 80, right panels). The perturbation is (from top to bottom) = 0, 10 −6 , 6 × 10 −6 . The light-gray lines correspond to finite pieces of the stable manifold say that for this value of the transition of the topology of S * s in the range of I 2 ∈ [0, 1] is completed.
We repeated these computations for I 2 ∈ [1.4, 2.4], and we detected the same kind of transitions in the topology of S * s . The topological transition is due to the resonances of . Increasing the size of such resonances increases and drastically changes the global topology of W u .
Summarizing these results, we have shown that for small values of the topology of S * s is consistent with the description of the stable (unstable) 
On the connection between topology and dynamical indicators
In order to better investigate the transition in the topology and its correlations with the dynamics, in this section we report the computation of two dynamical indicators, such as the Lyapunov Characteristic Indicator and the diffusion coefficient, for many values of .
The Lyapunov Characteristic Indicator has been computed for ∈ [10 −10 , 10 −2 ]. In Fig. 6 we report the mean value and the standard deviation of the LCI computed for 10 8 iterations over two sets of 100 orbits with initial conditions on the resonance I 1 = 0: −10 −6 < I 1 (0) < 10 −6 , ϕ 1 (0) = π, ϕ 2 (0) = 0 and, respectively I 2 (0) = 0.324 and I 2 (0) = 1.8 The LCI appears to be constant for both sets up to 5 × 10 −6 . The strength of chaos for very small values of depends mainly on the parameter a thus explaining the constant LCI value. For 5 × 10 −6 < < 3 × 10 −4 , we observe a change of behavior in the LCI data. For > 3 × 10 −4 the LCI starts to increase and the standard deviation decreases. This is the signature that ergodicity is reached within the integration time. This is typical of the Chirikov's regime of overlapping of resonances which actually starts close to 3 × 10 −4 (Fig. 1, bottom center) . The interval 5 × 10 −6 < < 3 × 10 −4 is in agreement with the interval of transition in the topology of the normally hyperbolic invariant manifold .
The diffusion coefficient has been computed numerically with the techniques which we used in , Lega et al. (2003) , Guzzo et al. (2005) , Froeschlé et al. (2005) and Guzzo et al. (2006) .
Precisely, we measured the diffusion coefficient for a = 0.4, c = 2.1 for different values of for two sets of N = 100 initial conditions with I 2 = 0.324, I 2 = 1.8, respectively (the other initial conditions are I 1 ∈ [−10 −6 , 10 −6 ], ϕ 1 = π, ϕ 2 = 0). The average evolution of the mean squared distance of the action I 2 from its initial value grows almost linearly with time for most values of , the slope giving the diffusion coefficient D. The linear law is verified by means of a χ-square fit with correlation coefficient which turns out to be lower than 97% in the interval 5 × 10 −6 < < 5 × 10 −4 with a minimum value of 92% for = 1.5 × 10 −5 for the set of data with initial conditions centered on I 2 = 1.8. Let us remark that in Guzzo et al. (2009b) we used a more strict criterium to define the 'good' statistics. The statistics turns out to be less good for > 10 −6 , i.e. some irregularity appear in the diffusion curve because of a more irregular behaviour in the diffusion of the orbits. Therefore, as the irregularities of the frequency map allow one to use frequency analysis to detect the presence of a resonance, we use the irregularity of the diffusion coefficient (and of its confidence) to detect a change in the dynamics.
The results of the computation are reported in Fig. 7 . For the two sets of initial conditions the dependence of the diffusion coefficient on is well fitted by a power law D( ) 2 for ≤ 6 × 10 −6 . In this case the heuristic (because we do not have a proof of it, while proofs exist for a continuous priori unstable systems) diffusion argument provided by the Arnold mechanism of diffusion suggests that the diffusing orbits follow closely pieces of the stable and unstable manifolds W s,u (x) of points x of . In this situations, the manifolds W s,u (x) and their splitting angles are computed using Melnikov approximations, as it was done in 123 Arnold (1964), Chierchia and Gallavotti (1994) , Treschev (2002) and Treschev (2004) . In Guzzo et al. (2009b) we checked thatW s,u (x) fits correctly W s,u (x) up to ≤ 6 × 10 −6 while for larger values of the Melnikov approximation loses its validity. For 6 × 10 −6 ≤ ≤ 4 × 10 −4 some irregularity can appear depending on the specific set of initial conditions, although data are not far from the D( ) 2 law. At this transition it occurs also a transition of the global stable and unstable manifolds. The topological properties of this transition cannot be appreciated by the computation of the single W s,u (x). For larger than the transition value, the global manifolds have a topology which is completely different from the first orders approximations, and the diffusion coefficient depends irregularly on . In this situation we guess that the system is outside the range of application of perturbation theories, and therefore we are not able to provide explanations. Maybe, the variational approaches, which are successfully used for high values of perturbing parameters, may provide an explanation, but this is outside the goals of this paper.
For > 4 × 10 −4 , i.e in the overlapping of resonances regime, the power law changes to D( ) 2.8 .
Conclusions
In this paper we have numerically detected the topology of the hyperbolic manifolds supporting diffusion in the a priori unstable dynamical systems. Using the Melnikov-like approximation of the unstable manifolds introduced in Guzzo et al. (2009b) we have shown that stable and unstable manifolds have a topological transition when the Melnikov approximation looses its accuracy. This transition is correlated to a change of the law of dependence of the diffusion coefficient on the perturbing parameter as well as to a change of behaviour of the largest Lyapunov exponent. This suggests that the Melnikov approximation is not only a technical tool which allows one to compute accurate approximations of the manifolds at small values of the perturbing parameters, but is related to a dynamical regime.
